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Abstract
The aim of this note is to describe the computation of post-Minkowskian Hamiltonians in modified
theories of gravity. Exploiting a recent relation between scattering amplitudes of massive scalars
and Hamiltonians for relativistic point-particles, we define a post-Minkowskian potential at second
order in Newton’s constant arising from R3 modifications in General Relativity.
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The first detection of gravitational waves by the LIGO and Virgo collaboration, has
opened up the possibility to test Einstein’s theory of General Relativity at an unprecedented
level, heralding a new era in fundamental physics [1]. A central framework is the Effective
One Body approach [2, 3], where several pieces of information from Numerical Relativity
and analytical approaches are combined in order to lead to improved gravitational wave
templates. Among these several inputs, it has been recently suggested [4, 5] that also post-
Minkowskian (PM) results, valid for weak gravitational fields and unbound velocities, can
independently lead to improved modeling of bound binary dynamics. Given the growing
results in post-Minkowksian physics [6–13], we would like to explore how contributions to
post-Minkowskian Hamiltonians can be defined in modified theories of gravity. With no loss
of generality, we here restrict ourselves on R3 modifications to General Relativity [14–18].
Recently, these have been studied in the context of scattering amplitudes [19, 20] leading
to a post-Newtonian definition of the potential [21, 22]. However, scattering amplitudes
contain relativistic information that is lost in the passage to post-Newtonian point-particles
potentials. We show how this can be restored defining a post-Minkwoskian potential in
cubic theories of gravity, without restricting to the non relativistic case.
A non-trivial modification of the one-loop scattering of massive scalars mediating gravi-
tons has been recently studied with amplitudes techniques in [19, 20]. As can be seen from
[23], this contribution arises from R3 modifications to the usual Einstein-Hilbert action
which for simplicity of discussion we will parametrize by an unknown coefficient α with the
dimension of length squared, following [19]. We here report the relevant classical information
contained in the scattering of two massive scalars of masses m1, m2
Mα(p, q) =
p1 p3
p4p2
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= D
[
I(m1) c(m1,m2) + I(m2) c(m2,m1)
]
+ ... (1)
2
where, using s = (p1 + p3)2 and t = (p1 − p2)2, we have defined
D = ipi
2G2Nα
2
√
E1E2E3E4
(2)
I(mj) =
∫
d4k
(2pi)4
1
(p1 − k)2(p3 − k)2(k2 −m2j)
(3)
c(mi,mj) =
4t2m4i
(4m2i − t)2
[
β1(mi,mj) + tβ2(mi,mj) + t
2β3(mi,mj)
]
(4)
β1(mi,mj) = 2m
2
i
[
(m2i +m
2
j − s)2 − 4m2im2j
]
(5)
β2(mi,mj) = −3m4i + 2m2im2j + (m2j − s)2 (6)
β3(mi,mj) = m
2
i −m2j + s (7)
We now choose the center-of-mass frame and parametrize the momenta of the scattering
particles as
pµ1 = (E1, ~p ) , p
µ
2 = (E1, ~p
′)
pµ3 = (E2,−~p ) , pµ4 = (E2,−~p ′)
(8)
~q ≡ ~p ′ − ~p (9)
|~p| = |~p′| ≡ p , |~q| ≡ q (10)
We now proceed to define a post-Minkwoskian potential in the context of this modified theory
of gravity using a recent relation between post-Minkowskian amplitudes and Hamiltonians
[13]. The simplicity of this computation here lies in the lack of the Born subtraction, as
there is no tree level amplitude to iterate that scales in the same way as (1). We can thus
define a post-Minkowskian potential to second order in GN and in the coupling α as
V α2PM(p, r) =
∫
d3q
(2pi)3
ei~q·~rMα(p, q) (11)
By performing a proper k0 integration on (3), the scalar triangle integral becomes [6, 24]
I(mj) = − i
32mj|~q| (12)
3
To leading order in q, the associated post-Minkowskian potential is
V α2PM(p, r) =
pi2G2Nα
2
32E1E2
∫
d3q
(2pi)3
[
c(m1,m2)
m1
+
c(m2,m1)
m2
]
ei~q·~r
q
(13)
=
pi2G2Nα
2
128E1E2
[
β1(m1,m2)
m1
+
β2(m2,m1)
m2
] ∫
d3q
(2pi)3
ei~q·~rq3 (14)
=
3α2
32E1E2
G2N
r6
(
β1(m1,m2)
m1
+
β1(m2,m1)
m2
)
(15)
In the non relativistic limit, our post-Minkwoskian potential reduces to
V α2PM(p, r) =
3α2
4
G2Np
2
r6
(m1 +m2)
3
m1m2
+ ... (16)
in agreement with the post-Newtonian calculation in [19]. The same procedure for defining
a post-Minkwoskian potential can be generalized in a straightforward manner also for more
general cubic theories of gravity [20] as well as additional modifications to General Relativity.
We have derived the post-Minkowskian contribution to relativistic point-particles Hamil-
tonians in modified theories of gravity. We have restricted ourselves to the case of R3
modifications, although similar changes are expected to appear also for R2 terms [25–27].
The derived post-Minkowskian contribution, once expanded for small velocities, is in agree-
ment with the recent post-Newtonian computation [19]. The simplicity of the calculation
has taken advantage of a recent relation between post-Minkowskian amplitudes and Hamil-
tonians for relativistic point-particles [13]. Indeed, the computation has required no effective
field theory matching as well as no need to known the operator reproducing the R3 modifi-
cations in an effective field theory of scalar fields. It would be interesting to systematically
explore similar results in other formulations of General Relativity with higher order deriva-
tive operators.
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